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ABSTRACT 
We provide new necessary and sufficient conditions for verifying (strictly) general- 
ized diagonally dominant matrices by applying the inverse of a partitioned matrix and 
obtain some criteria for identifying (nonsingular) M-matrices. 
I.. INTRODUCTION 
Let A = (a,.) E C”‘“. If there is a positive diagonal matrix D such that 
AD is a (strictlyj diagonally dominant matrix, then A is said to be a (strictly) 
generalized diagonally dominant matrix: briefly, A is a GDDM (SGDDM). 
Let M(A) = (mij) E Rnx”, where m,, = laiil, mij = -laijl, j z i, i,j 
E N = {l, 2,. . . , n}, then M(A) is said to be a comparison matrix of A. 
We know that if A is a strictly diagonally dominant matrix, then det A # O 
by the Levy-Desplanques theorem. 0. Taussky [l] proved that if A is 
irreducible and diagonally dominant with CT= 1 laiil > Cn=, Ai, then det A f 
0. P. N. Shivakumar and K. H. Chew [2] showed that if laiil > Ai, i E N, 
/ = {i 1 laiil > AiP i E N} # 0 and there exists a nonzero element chain 
aii,ai,i, - . * aikp for any i E N -1, where p E J, then det A # 0. 
The authors in [3-71 gave some necessary and sufficient conditions for 
verifying SGDDMs, extending the results in [l] and [2]. 
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In [8] we proved that if Cl = (i 1 laiil > Ri = Cj+ilaiil, i E N) + 0, 
N,, N, are disjoint and such that N, U N, = N, and 
(Ia$il - ai)(lujjl - Pj) a ajPi (1-l) 
for any i E Nl, j E N,, where 
then: 
oi = C lajjlY Pi = C laijl, 
jeNl jeN2 
j#i j#i 
(1) A is a SGDDM and M(A) is a nonsingular M-matrix if strict 
inequality in (1.1) is valid for any pair of indices or A is irreducible with strict 
inequality in (1.1) for at least one pair of indices. 
(2) A is not a SGDDM and M(A) is not a nonsingular M-matrix if all 
“ 2 ” are changed to “ < ” in (1.1). 
Thus we extended the main results in [l-7]. 
Let A, = (mij), i,j E N2, and (Pz>, = -CjEN,lmijl be the ith compo- 
nent of P,, i E N2. Ming-xian Peng [9] proved that if CI # 0 and if 
h, = l'iil - @i 
z 
Pi 
> A,‘P,)j = H. ( J (1.2) 
for any i E R = N,, j E N2 = N - Cl, then A is a GDDM. If strict inequal- 
ity in (1.2) is valid for all i E N,, j E N,, or for any i E J G Cl, one has 
hi = max Hj, 
jsh 
and for any i E (N - CL> U J there is aii,ailiz **a uirq # 0, where 4 E fI - J, 
then A is a SGDDM. Peng extended the partial results in [l-7]. 
In this paper we prove that if R # 0. N,, N, are disjoint, and N, U N, 
= N with 
hi > Hi (1.3) 
for any i E N,, j E N2, then A is a GDDM, and we get the results: 
(1) If strict inequality in (1.3) is valid for any i E N,, j E N,, or if 
J = (i 1 hi > max 1E N, Hj, i E N,} # 0 and for any i E N - J there is 
uii,ui,i, . . . a, r y # 0 where 4 E J, then A is a SGDDM. 
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(2) If N,, N, are disjoint and N, U N, = N with 
hi < Hj (1.4) 
forany i E N,,j E N,, then A is not a SGDDM. 
If strict inequality in (1.4) is valid for any i E N,, j E N,, or J = Ii ( hi < 
minjc N2Hi, i E N,} # 0 and for any i E N - J there is u~~,u~,~, . . . air7 f 0, 
where 4 E J, then A is not a GDDM; so we have extended the main results 
in [l-9]. 
2. THE MAIN RESULTS 
THEOREM 1. Let R = {i 1 laiil > hi = Cj+iIuijI, i E NI + 0; N,, N, 
be disjoint and N, U N, = N; and A, be a nonsingular M-matrix. 
lUiil - q 
Pi 
> (A;lPz)j > 0 (2.1) 
for any i E N,, j E N, [when pi = 0, i E N, (laiil - ai)/& = +ml, then A 
is a GDDM, and M(A) is an M-matrix. 
(2) If the strict inequality is valid in (2.1) for any pair of indices or 
tzndfor any i E N - J there is a,,,, ailiS.. . u,~~, f 0 where q E J, then A is a 
SGDDh4, and M(A) is a nonsingukzr M-matrix. 
Proof. (1): By (2.1) we choose rl such that 
and construct 
D, = diag(di(di = d, i E N,; d, = 1, i E N,), 
B = AD, = (a::‘). 
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When i E N,, we have 
laif’l - ti:’ = IUiil - (Yi - dpi 2 laiil - OZi - 
laiil - ayi 
p, Pi = O* 
I 
ht B, = A,d. When i E N, we have 
(B;lP,)i = (d-lA,‘P,)i d mm;EAi;Pz!i 
A, ‘P, t 
), Q l. 
tit B; lp, = X < e = (1, 1, . . . , l>‘, and construct 
D, = chag(d,I di = xi, i E N,; di = 1, i E IV,), 
C = BD, = (aj;)). 
When i E N,, we have 
When i E N,, we have 
l@I - #) = I&)\ - pj”) - CX!~) = ( c2e)i - cx:‘) 
= (B,X), - ‘y;‘) = ( P2)i - @ = 0. 
Then C = AD,D, = AD satisfies 
/a!?[ - A(;’ > 0, II i E N, 
~0 A is a GDDM. From Lemma 4.1 in [lo] we know &f(A) is an M-mat*. 
(2): From (2.2), for any i E N,, j E N2 we have 
laiil - ffi 
Pi 
> ( A;1P2)j. 
We choose 
min 
laiil - *i 
ieN, Pi 
> d > ,“ty (A,‘f’,)j 
2 
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and construct the matrices 
D, = diag(d,Idj = d, i E N,; di = 1, i E N,), 
B = AD, = (a$;‘). 
When i E N,, we have 
Iup - A(;’ = lUiil - q - npi > lUiil - ffi - 
Jai,1 - ai 
p, pi = 0. 
I 
Let B, = A,d. When i E N,, we have 
(B,‘P& = (d-lA,‘P,)i < 
(A,‘P,). 
maxjEHz(AP;PP)i ’ ” 
Let BL’P, = x > 0, and 
Gonstruct 
y = B,‘( P, + 6) < e, 6 > 0. 
D, = diag(d,Idi = yi, i E N2; di = 1, i E N,), 
C = BD, = (a;;)). 
When i E N,, we have 
when i E N2, we have 
I@[ - fi;) = (Iaif)l - P/‘))d - a!‘) = (cqe)i - a!‘) 
= ( B, Y)~ - @ > ( P2)i - ‘y/l) = 0. 
Then C = AD, D, = AD satisfies 
la!?1 - A?) > 0, 12 i E N, 
so A is a SGDDM. From Theorem 6.2.3 in [lOI we know M(A) is a 
nonsingular M-matrix. w 
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When 
laiil - “i 
Pi 
> ,~y (A;‘Z’,)j, i E NI # 0~ 
2 
just as in the proof above, we can get C = AD, D, = (a!;)>. It satisfies 
and for any i E N - ] there is a nonzero element chain ~,~,a~,~, . . . a, 9 # 0, I 
q E J, so C is a diagonally dominant matrix with a nonzero element chain. 
From Theorem 5 in [3] we know A is a SGDDM, and from Theorem 6.2.3 in 
[lo] we know M(A) is a nonsingular M-matrix. 
By Theorem 1 and the fact that an irreducible diagonally dominant matrix 
must be a diagonally dominant matrix with a nonzero element chain, we can 
get the following results: 
COROLLARY 1. Zf R z 0, J z 4, A is an irreducible matrix, and the 
inequality is valid in (2.1) then A is a SGDDM, and M(A) is a nonsingular 
M-matrix. 
COROLLARY 2. Let a # 0. 
(1) Zf there are N,, N,, disjoint with N, U N, = N, such that 
(Iuiildi) > ~(1~~~1 - pj) > 0, (IUiiI - ai)(IajjI - Pj) 2 ajpi C2a3) 
forunyi E N,,j EN,, then A is a GDDM, and M(A) is an M-matrix. 
(2) If the strict inequality is valid in (2.3) for any pair of indices or A is 
irreducible and the strict inequality is valid in (2.3) for at least one pair of 
indices, then A is a SGDDM, and M(A) is a nonsingular M-matrix. 
Proof. (1): By (2.31, for any i E N,, j E N2, 
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If we set A,X = I’,, x, = ]lX]lm, then 
X = A,‘P,. 
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(2.4) 
By the rth equation in (2.4), we have 
( A,'P,)j < x, ( 
SO 
laiil - ay, 
for any i E N,, j E N,. By Theorem 1, we know A is a GDDM, and M(A) 
is an M-matrix. 
(2): When the strict inequality is valid in (2.3) for any pair of indices, just 
as in the proof of(l), we can get 
(A,‘P,)j <x,< max ali 
jGN, Iu,,I - /I?~ 
< min laii’- ai. 
iEX’, Pi 
By Theorem 1 we know A is a SGDDM, and M(A) is a nonsingular 
M-matrix. When A is irreducible and the strict inequality is valid for at least 
one pair of indices, just as in the proof of (I), we can get 
( A,lP,)j < x, < max ff’ < min 
lai,l - ffyi 
HEN, lUjjl - pj is-v, Pi ’ 
and the strict inequality is valid for at least one pair of indices. By Corollary 1 
we know A is a SGDDM, and M(A) is a nonsingular M-matrix. n 
REMARK 1. Theorems 2, 3 and Corollary 3 in [9] are exactly Theorem 1 
in this paper, where N, = R, N, = N - 0. Theorems 1, 2 in [S] are exactly 
Corollary 2(2) in this paper, and Theorems 4, 6 in [4] and Theorem 4 in [Y] 
are precisely Corollary 2(21 in this paper, where N, = 0, N, = N - R. 
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THEOREM 2. Let fi # 0. 
(1) If there are N,, Nz disjoint with N, U N, = N, and A, is a nonsingu- 
lar M-matrix such that 
( Ai ‘.F’g)j > 0, laii’i a* G ( Ai ‘Pz)j 
I 
(2.5) 
for any i E N,, j E N,, then A is not a SGDDM, and M(A) is not a 
nonsingular M-matrix. 
(2) If the strict inequality is valid in (2.5) for all i E N,, j E N2 or if 
laiil - aj 
Pi 
<j~;(A,‘P,)j,iEN, 
2 
and for any i E N - ] there is aii,aiIi, . . . aiFq # 0, 9 E J, then A is not a 
GDDM, and M(A) is not an M-matrix. 
Proof. (1): By CL’% we choose d such that 
laiil - OLi 
max 
iEN, Pi 
Q d < ;=iN” (A,‘P,)j* 
2 
Construct 
D, = diag(d,)di = d, i E N,; di = 1, i E N,), 
B = AD, = (a!;‘). 
When i E N,, 
laif’l - d,!’ = laij( - c-xi - d/Ii Q (laiil - ai) - (IaiiI - CQ) = 0. 
Let B, = A,d; then when i E N,, 
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We set B, x = P,, x = B2 ‘P, > e, and construct 
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D, = diag(d,) d, = xi, i E N,; di = 1, i E N,), 
C = BD, = (a$;‘). 
When i E N,, 
when i E N,, 
laf)l - A(:’ = (c2e)i - ( Pz)i = ( B2x), - ( P,)i = 0. 
So A is not a SGDDM. From Lemma 6.4.1. in [lo], we know M(A) is not a 
nonsingular M-matrix. 
(2): If the strict inequality is valid in (2.5) for any pair of indices, we have 
laiil - ffi 
max 
iEN, Pi 
< d < J~;$A,lP,), 
and construct 
D, = diag(d,I dj = d, i E N2; di = 1, i E N,), 
B = AD, = (a!;‘). 
When i E N,, 
laf’l - A(,?’ = laiil - ai - d/3, < laiil - cq - (IqJ - q) = 0. 
We set B, = A,d. Then when i E N,, 
(B;lP,)i = d-‘( A;‘P& > 
( A;‘P,). 
mini, .,( Ai'P,), ’ ‘* 
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We set B, x = Pz, P’ > 0, such that B, P’ > 0, Y = X - P’ > e, and construct 
D, = diag(d, 1 di = yi , i E N,; di = 1, i E N,); 
C = BD, = (a$;‘). 
When i E N,, 
When i E N,, 
laf)l - A(F) = (C,e)i - ( Pz)i = (B,y), - ( P,)i 
= (Bex)t - (B,+)i - (Pz), = -(B,$ < 0, 
so A is not GDDM. From Lemma 6.4.1 in [lo] we know M(A) is not an 
M-matrix. 
If 
J= i il lajil - ffi Pi < jz$z(A;lP,)j, i EN, 
then, as in the proof in (11, we can get that C = AD, D, = (a!;‘) satisfies 
/#)1 < A(;), i E J, [@I = R’,2), i E N - J, and for any i E N - J, there is IE 
aii,ai,iz . . . ai 4 # 0, q E J, and there are M, = J, M, = {i 1 lu$y)I # 0, j E 
Mk_l, Iu$ L 0, j E M,, r < k - l}, k = 2,3,. . . , m, such that U r-l Mk = 
N. We choose 
min --!- > 8, > 1, 
iEM, lu!2)1 II 
min 
I& - (1 - S&r,(2) > 6 
iEM, la!?)1 
> 1 
k ) k=2 ,..., m-l, S,,,=l, 
II 
where r,!‘) = Cj E ML_ ,1u$5)1, and construct 
D, = diag(d,Idi = Sk, i E M,, 1 <k < m), 
G = CD, = (urj)). 
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When i E M,, 
WheniEMk,k=2 ,..., m-l, 
When i E M,, 
so G satisfies I@ < h(3), i E N. Therefore A is not a GDDM, and M(A) is 
not an M-matrix. W 
By Theorem 2 and the fact that an irreducible matrix must have a strongl! 
connected directed graph we have 
COROLLARY 3. I~~++,J+#J>A is an irreducible and the inequality 
is valid in (2.5), then A is not a GDDM, and M(A) is not an M-matrix. 
COROLLARY 4. Let RI+, 
(1) Ifforany i E N,, j E N,, 
0 < (/ai, - ‘Yi)(lUjjl - Pj) G ajPi> (2-Q 
then A is not a SGDDM, and M(A) is not a nonsingular M-matrix. 
(2) If the strict inequality is valid in (2.6) for any pair of indices or A i.y 
irreducible and the strict inequality is valid in (2.6) for at least one pair (f 
indices, then A is not a GDDM, and M(A) is not an M-matrix. 
I+-OO~ (1): By (2.61, for any i E N,, j E N2, 
laiil - a, a, 
max =S min 
iEN, P, jEN2 lUjjl - pj . 
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We set A,X = Pa; then X = Ai’P,, X, = min xi. Now from the rth 
equation we have 
( A;lP,)j = 
Hence for any i E N,, j E IV,, we have 
( A,lp,)j > ‘“$ ai .
1 
By Theorem 2 we know A is not a SGDDM, and M(A) is not a nonsingular 
M-matrix. 
(2): When the strict inequality is valid in (2.6) for any pair of indices, as in 
the proof in (11, we have 
min ( A,lP,)j = x, 2 
.iEN!2 
laiil - ffi 
> max 
iEN, Pi ’ 
By Theorem 2(2), we know A is not a GDDM, and M(A) is not an 
M-matrix. 
When A is an irreducible and the strict inequality is valid in (2.6) for at 
least one pair of indices, as in the proof in (11, we have 
min ( A,‘P,)j = x,. > 
l”iil - ai 
> max 
.iEN2 iEN, Pi ’ 
and the strict inequality is valid for at least one pair of indices. By Corollary 3 
we know A is not a GDDM, and M(A) is not an M-matrix. n 
REMARK 2. Theorem 3 in [8] is precisely Corollary 4(l) in this paper, 
while Theorem 8 in [4] is exactly Corollary 4(l) when N, = a, N, = N - a. 
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3. EXAMPLE 
In this part we give an example to further illustrate the generalizations. 
Moreover, we provide a method to choose the positively diagonal matrix D 
which makes AD a strict diagonally dominant matrix. 
EXAMPLE. Let 
2i 2i\ 
7 
A= ; 3 
i 1 
4 i 3 i 
7i/4 i 1 3 , 
Obviously, 
’ 7 -$ -2 -21 
-1 3 -1 
M(A) = P . -4 -1 Y31 -1 
7 -4 -1 -1 3 
For N, = Sz = {1,2}, N, = N - N, = {3,4} we have 
and 
(A;‘P,), = ; > 
- t 
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So A satisfies neither the conditions of the main theorem in [9] nor the 
conditions of the main theorems in [l-S], but A satisfies Theorem l(2) of 
this paper, for N, = (I}, Ns = {2,3,4}. In fact, if we choose d = $ and 
construct 
D, = diag(1, G$, $, f), 
then 
1 7 7 7i 49i/16 49i/16 
7i;8 147 B = (a$;‘) = AD, = 
Tii- 49i/32 $ 
147 
4 493/32 32 493/32 
7i/4 491/32 49 32 147 32 
I 
s 
Bi1P2 = A,‘d-‘P, = ; 
1 
Construct 
D, = diag(1, $, 1, l), 
7 12 16 49i/16 49i/16 
C 
7i/8 j2J 32 49i/32 49 32 
= (a$;)) = BD, = 7 147 
a 42i/32 -SF 49i/32 
, 7i/4 421/32 as 32 147 32 
C is an irreducible diagonally dominant matrix, laQ)I = 7 > A? = %, la$)l 
= A(:‘, and a!:’ # 0, i = 2,3,4. Then M, = {l}, M, = {2,3,4}. We choose 
tif’/j&):)l = +j < E = 6, < 1. Construct 
D, = diag(s, l,l, 1). 
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Then 
A = (dj’) = CD, = 
Ill II 49i/16 \ lfi 16 498/16 
llli/128 1% z 49i/32 g 
III 
64 42i/32 g 498/32 
111 i/64 42 i/32 w 147 
TE 38 I 
353 
Obviouslv A satisfies la!!‘1 > A@’ , II I ) i E N, so A is a strictly diagonally domi- 
uant matrix. 
Clearly if we change the rows into the columns in the matrices, the 
corresponding results are still true. 
The authors owe many thanks to Professor Richard A. Brualdi and the 
referees, who haue @en excellent suggestions and kind help in revising this 
paper to make it a more substantial one. 
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